Problem Set 2 solutions 140.668 Statistical Genetics

1. The inbreeding coefficient for A is the same as the kinship coefficient for her parents.
Number the individuals in the pedigree from left to right, top to bottom, so that
individual A’s parents are 10 and 11. We’ll use Wright’s path method.

ancestor path contribution
1 10-7-3-1-5-8-11  (1/2)"(1+0)
2 10-7-3-2-5-8-11 (1/2)"(1 4 0)
4 10-7-4-8-11 (1/2)°(1 + 0)

(1/2)> +2(1/2)"

Thus & = 3/64 ~ 0.047.

2. X; ~ Binomial(2, p;), and so EX; = 2p;, var(X;) = 2p;(1 — py).
Further,

COV(Xl,XQ) = E(X1 . XQ) — EX1 . EX2
= E(X;-Xy) —4p?

We need to find the joint distribution of X;, X5. We condition on the IBD status
of the relative pair, to find Pr(X; = i,X, = j[IBD = k), from which we obtain
Pr(X; =14,X,=j) = Zi:o Pr(IBD = k) - Pr(X; =i, Xy = j|IBD = k).

IBD X, X, Pr(Xy, X,|IBD)

2 0,0 (1 —p1)2
1,1 2p1 (1 —p1)
2,2 i
0 0,0 (1—p)*
0,1 (or 1,0)  2py(1 —py)?
1,1 Api(1 = p1)?

0,2 (or 2,0) p?(1 — py)?
1,2 (or 2,1) 2p3 (1 — p1)

2,2 pi
1 0,0 (1 —p1)3
01 (or 1,0)  pi(1—p1)?
11 pi(l—p1)
1,2 (OI" 2’1) p%(l - pl)
2,2 p:’{




From this we may obtain

2 2 2
B(X;-X) = Y > ) i-j-Pr(IBD = k) Pr(X; =i, X, = j|IBD = k)
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= ... .=4p> +pi(1 —p1)(m + 2m3)

— COV(Xl,XQ) = p1(1 - pl)(ﬂ—l + 271'2) = 4@]71(1 _pl)

X1, X
— corr(X1, Xp) = cov(&r, Xo) =2

V/var(X1) - var(X,)

3. The easy ones first:
Pr(IBS=0/IBD=2) = 0

Pr(IBS = 1|IBD = 2)
Pr(IBS=2|IBD=2) = 1

I
o

The IBD = 1 cases are pretty simple, too:

Pr(IBS = 0[IBD=1) = 0
Pr(IBS = 1|IBD =1) = marker heterozygosity

= 1—219?

Pr(IBS =2BD=1) = Y p;

The IBD = 0 cases are harder. We're taking two random draws from the genotypes

(ala al) (afla a2) .. (a'la a’k)
(ag,a9) ... (ag,a)
(ak, ax)
with probabilities
P 2p1pa .. 2Dk
5 .. 2popy
P

and we want to find the probability they share 0, 1, or 2 alleles by state.



First:

Pr(IBS = 2/IBD = 0) =

[now we simplify] =

Pr(11,11),(22,22), ..., (kk, kk), (12,12), (13,13), ... , etc.)
P+ Zj:j>i(2pipj)2

0P 230080 P

St +23 (X, P - 07

oo+ 20032 p))7 — 20 pi}

2{21 ng}Q - Zz p?

The other two are similar; with (painful) simplification, we get:

Pr(IBS=1IBD=0) = 4{3p?+ > p!—>p} - (X p?)?}
and Pr(IBS=0|IBD=0) = 1-4Yp? -3 pt+43 p} +2(3p?)?

Note: The biggest issues are the coefficients and the ranges of the summations (e.g.,

D i D jiisi OT Dy > iis; OF D2 > 0). Be precise!

Special case: p; = py = p3 = ps = 1/4.

IBS
IBD 0 1 2
0 033 056 0.11
1 0 075 0.25
2 0 0 1




