Problem Set 1 solutions 140.668 Statistical Genetics

1. (a) Haldane: r=(1-e24)/2 = e 21=1-2r = —2d=1log(l —2r) =
d= —7log(1 —2r)
(b) Kosambi: r = tanh(2d)/2 = Llexp(4d) —1]/[exp(4d)+1] = (2r)[exp(4d)+1] =
lexp(4d)—1] = exp(4d)(1-2r) =1+4+2r = exp(4d) = (1+2r)/(1-2r) =
d = 1log[(1+ 2r)/(1 — 2r)]

cM
r Haldane Kosambi
0.01 1.0 1.0
0.05 5.3 5.0
0.10 11.2 10.1
0.20 25.5 21.2

2. Consider an interval of length d on a chromosome of length L.

Let A = {no chiasma in interval} and N = total no. chiasmata on the chromosome.

Map function: M(d) = Pr(A)]/2

[1-
= 1= 2, Pr(N = n and 4)]/2
[1—>"% ,Pr(N =n)Pr(A|N =n)]/2
=X pa(1 - /D)2

In the case p, = e 2£(2L)" /n!, we obtain:

M(d) = [1-Y0, 21 —d/L)"/2
= [1- 0, e 2L /2
= [1—eY, Le DL - d)]"] /2
= [1—e?2/2

3. Let the chromosome be represented by the interval [0, L.

Consider any finite set of disjoint subintervals I, I5, ..., I;. Let n; = no. chiasmata
in interval I; (on the four-strand bundle) and m; = no. crossovers in I; (on a random
meiotic product).

We wish to show that the {m;} are independent and m; ~ Poisson(|Z;]).

Since the chiasma process is a Poisson process, the {n;} are independent with n; ~
Poisson(2|I;|).



Under no chromatid interference (NCI), the chiasmata are “thinned” independently
with probability 1/2 to get the crossover process. Since the {n;} are independent and
since the thinning in the disjoint subintervals are independent, it should be clear that
the {m;} are independent.

So, we have m;|n; ~ Binomial(n;, 1/2) and n; ~ Poisson(2|Z;]), and we need to show
m; ~ Poisson(|[;]). Let d = |I;| and drop the subscripts i, to save a few keystrokes.

Pr(m=j) = >, Pr(n=*kand m = j)

= Y, Pr(n=k)Pr(m = jln = k)
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So m; ~ Poisson(|];]), and we’re done.

4. Let e;(v) = Pr(observe O;|v; = v).

@)

v A H B C D
AA 1—-€¢ €/2 ¢€/2 € 1—¢/2
AB ¢/2 1-€¢ €¢/2 1—¢/2 1—¢/2
BA €/2 1—€¢ €/2 1—¢/2 1—¢/2
BB €¢/2 €2 1—¢ 1—¢/2 €

— = = |

Note: Think of C =H or B, D = A or H, - = A or H or B, so, for example, Pr(C|v) =
Pr(H|v) 4+ Pr(B|v).
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(and similarly for ¢ vs 4 + 1). Thus, if is monotonically decreasing in 7, then

RSS;
minimizing the BIC-§ criterion is equivalent to using % log,on as a threshold for the

conditional LOD score.



