Markov chain Monte Carlo

A few details from last time

1. Suppose k; ~ Poisson(\) and A ~ Gamma(c, 3).
logp(k|\) = —nA+ > kjlogA+ K
logp(A) = =X+ (a—1)log A+ K’
logp(Alk) = —(n+B)A+ (D _kj+a—1)logA+ K"

= Mk ~ Gamma(}_ k; + a,n+ ()

2. Suppose y ~ Normal(X 3, 0%I) and p(3,0°) x 1/0.

log p(83, 02| X, y) = =SB0 (2 4 1) logo? + K

Note that (y — X03) = (y — XAﬁA) + X(B — ) and
these two bits are orthogonal. (8 = (X'X)™1X"y)

Thus |ly — X B> = [ly — X8I + |IX(5 - B)|?

As a result, log p(B|o?, X, y) = (5-BY(X'X)(8-P) + K’

—202

= Blo?, X,y ~ Norma|(3,02(X’X)_1)
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Details from last time (continued)

3. Posterior of o?:

log p(c”| X, y)

logp(3,0°|X,y) — log p(Blo*, X, y)

(y—XB)' (y—XB) _ (% + 1) ]og o2 + K

—202

%—(%%—1)1%02—#[(

= ¢* ~ scaled inv-x%(n — p, s?)



T cell example (continued)

| re-ran the MCMC sampler using a Gamma(a = 0.01, 6 =
0.01) prior on the \'s rather than the Gamma(a =1,08 =
1) used previously, to assess the influence of the prior on
the results.

The following table shows how things are mixing; the rows
correspond to the original prior and the new prior.

VR
n )\0 )\1 )\2 )\3 a b o* IOg lik
100 464 8.72 8.02 957 390 30.05 2.13 1.28
100 10.59 14.14 14.41 16.58 9.17 87.97 3.63 1.63

500 1.64 2.0/ 203 219 148 3.75 1.13 1.10
500 224 395 361 410 196 643 131 1.15

1000 1.20 126 125 127 116 143 105 1.03
1000 146 1.7/ 172 183 138 235 131 1.16

2500 1.0 1.11 1.11 112 1.05 124 102 1.01
2500 1.10 1.22 121 123 1.08 125 1.05 1.04

5000 1.02 103 1.03 1.03 1.02 1.06 1.01 1.00
5000 1.05 1.0/ 1.07 1.08 1.04 1.10 1.03 1.02

10000 1.01 1.01 101 1.01 1.01 1.02 1.00 1.00
10000 1.03 1.02 1.02 102 1.04 1.05 1.04 1.01

2nd half 101 104 104 106 1.00 1.11 101 1.00
2nd half 1.05 1.05 1.05 1.06 1.07 1.16 1.08 1.03




T cell example (continued)

The posteriors are quite different:

Ao A1 Ay A3 a b o
ave 0.21 2.14 1.98 3.11 17.57 14.07 4.51
0.07 3.52 3.13 532 19.72 8.59 7.47

sd 0.11 0.41 0.38 0.55 0.87 1.40 0.73
0.15 1.02 0.92 151 180 233 1.94

The plots on the following pages show that the change
in prior has resulted in radical changes in the posteriors.
There also seems to be some mixing problems which were
not detected by Gelman's /R statistic.

The plot of o versus Ay suggests that A\g ~ 0 is a problem.



— VT

9T 1 4" (0] 8 9 14

6 ureyos :ioud buo

9T

9T

T ureyo ‘Joud mau

T ureyo ‘1oud Buio

0T

ct

14

0T

4

14



3%

6 ureyo ‘Jorid mau

3%

6 ureyos :ioud buo

0T

ct

VT

0T

ct

VT

&y

&y

3%

T ureyo ‘Joud mau

3%

T ureyo ‘1oud Buio

0T

4

VT

0T

4

VT

&y

&y



o]

¥T ¢TI 0T 8 9 14 4

Joud mau

o]

¥T ¢TI 0T 8 9 14 4

Joud Buo

3%

8 9 14 4

3%
YT 2T OT 8 9 Vv ¢
Joud mau
3%
YT 2T OT 8 9 Vv ¢

Joud mau

3%

Joud Buo

Joud Buo

q

91 ¥T ¢TI 0T 8 9 ¥

G¢ 0c ST

Joud mau

q

91 ¥T ¢TI 0T 8 9 ¥

T

Joud mau

G¢ 0c ST

Joud Buo

oy

ST 0T S0 00

Joud mau

oy

ST 0T S0 00

Joud Buo
%
8 9 14 z
L 1 1 |
Joud mau
%
8 9 14 z
L 1 1 |
Joud Buo

Joud Buo



Jond mau

0]

4"

7T

lond Buo

0T

4"

7T



Simulated annealing

Refs: Lange, §24.7; Numerical Recipes in C, §10.9

We wish to form a stochastic optimizer of 7(#), where 6
is high-dimensional.

First, we need a symmetric jump distribution J(6*|6("))

Second, we form a “temperature schedule,” 7(t), starting
high and decreasing to 0.

At step t, we “power up” 7(0) by 1/7(t), and do a Metropo-
lis step:

1. Pick 6* from J(6*]6®).
2. Pick U ~ uniform(0, 1)
3. Step to 0* if U < exp{[log w(6*) — log w(8)]/7(t)}

If 7(6%) > 7(61), we always step to 6*.

If 7(6%) < 7(6Y), we step to 6* with probability related
to the ratio of the function values.

At early, “high” temperatures, we are much more liberal
in stepping down in 7 as well as up. As the temperature
“cools,” we are tend only to step upward in 7.
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Reversible jump MCMC

Green, Biometrika 82:711-32, 1995.
We consider the problem of Bayesian model selection.

Consider models {My,k € K} where X is countable.
Suppose that model M}, has parameter vector %) ¢ R™.

We decompose the joint probability of the model index,
parameter vector and prior into the model probability, prior

and likelihood:
p(k,0%) y) = p(k) p(0W|k) p(y|k, 6"

We want to use MCMC to sample from the posterior
p(k,0Py) = p(kly) p(0™|k, y)

Jumping through (k, 8*))-space can be tricky, since when
k changes, the size of ) changes. Green (1995) describes
how to do it. Jumping between (k, %)) and (k+1,0%+1)
requires care to keep the chain reversible; the Jacobian
crops up.

Rather than work through Green's paper (which is not
easy), I'll sketch one of his examples.

10



A 1D multiple change-point problem

Suppose we observe 1, ... ,y, in (0, L) from an inhomo-
geneous Poisson process with rate x(t), where z(t) is a
step function.

Let x(t) have k change-points at positions 0 = sy < §1 <
Sg < ...< Sk < Sg41 = L. Let h; be the height of x(t)
in the interval (s;,5;41). Thus 8%) has dimension 2k + 1
(the s; and the h;).

Prior:
k ~ Poisson(\) with k < kyax.

Given k, s1,...,s; are distributed according to the even
order statistics of 2k + 1 uniformly dist'd points on (0, L).

Given k, hg, ..., hy ~ iid Gamma(a, 3).
Log likelihood:
For a given x(t), the log likelihood is
[(k,s5,hsly) = 22,y #{i:s; <y < sja}
=2 hi(sjt1 — s5)
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The Markov chain

Markov chain: four types of moves

1. Change the height of a random step

2. Change the position of a random step
3. Add a new step ( “birth”)
4. Remove a step ( “death”)

At each step in the chain, we will choose one of these four
possible moves at random, depending on the current value
of k (the number of change-points).

Let 0y, 7, by and dj be the probabilities of the four moves,
given k.

Of course, we must have n, + 7, + by + di, = 1.
Also, mg = dp =0 and by = 0.

In order to ensure that by p(k) = dip1 p(k + 1), we take
br = ¢ min{1, p(k+1)/p(k)} and dx+1 = ¢ min{1, p(k)/p(k+
1)}, where c is chosen so that by + di < 0.9 for all k.

Further, for k #£ 0, we take np = 7.
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Height and position moves

To change the height of a step:

1. Choose one of the hy, ... , hy at random (say h;).
2. Propose a change from h; to h’; such that log(h’;/h;) ~
uniform(—1, 2).

3. Accept the change with probability
min{1, LR x (h}/j;)" exp[—B(h; — hy)]}
where LR is the likelihood ratio.

To change the position of a step:
1. Choose one of the hq, ..., s; at random (say s;).

2. Propose s’ ~ uniform(s;_1, sj11).

3. Accept with probability

(851 = 57)(s5 — Sj—l)}

(8541 — 85)(85 — 8j-1)

min{1, LR x
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Birth and death steps

The birth step:

1. Choose a position s* uniformly on (0, L) (say between
s; and S;41).

2. Propose new heights R’ and h’ , so that A’ ,/h; =

(1—=U)/U with U ~ uniform(0, 1) and satisfying
(s*—s;)log hi4(sj41—5%) log B,y = (sj41—s5;) log h;
3. We'll defer the acceptance probability for now.

4. If the move is accepted, we move s;;1,... , S, over to
Sj+2y--- ,Sk+1 and set ;41 = s*. (Similarly for the

hj,S.)

Death step:
1. Pick one of s1,... , s; at random (say sj11).

2. Pick the new height, b/, to satisfy
(8j41—5;) log hj+(sj40—5j41)log hji1 = (sj42—5;) log ]

3. The acceptance probability is again deferred.
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Birth/death acceptance probabilities

In a birth step, we're going from dimension 2k+1 to 2k+3.

The acceptance probability for the birth step is of the fol-
lowing form:

min{1, LR x prior ratio X proposal ratio x Jacobian}

p(k+1)
p(k)

2(k+1)(2k+3) v (sj41—s )(s*—sj)x
L? Sj+1—S;

Prior ratio =

X
s (M) xpl Bk )]

e dgylL
Proposal ratio = e (k1)
(h +hy+1)

Jacobian = T
J

For the death step, use the reciprocal of the above, with
things appropriately re-labelled.

I'll leave it to you to read Green (1995) and figure out
where this comes from.
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Example data

| consider (simulated) data on the interval (0,10). | ob-
served 162 points. The following figure shows the data
and the true underlying rate function, x(t).
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In the prior, I'll take A = 1, o = 0.2, 8 = 0.01 and
kmax = 30. (Note that this choice of o and 3 result in
E(h;) =20 and SD(h;) =~ 44.)

Note that Green (1995) considered some real data, and

used 40,000 steps of a Markov chain with a 4000 step

burn-in. I'll run two chains, starting at the truth and at a
model with £ = 0, though with a 24,000 step burn-in.
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log likelihood

log likelihood

Results

The following are the estimated posteriors for k (the num-
ber of change-points); these are percentages.

1 2 3 4 5
chain1l 47.3 40.3 109 1.4 0.0
chain 2 41.2 40.6 152 2.7 0.2

Here are some plots tracking the log likelihood (not the
posterior...| was lazy).
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Results (continued)

It's interesting to look at the acceptance probabilities in
the two chains, as functions of the step types.

step type % of steps % accepted

height 14 47
position 14 10
birth 20 15
death 51 6

Finally, some fitted curves.
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The next page shows estimated posterior densities for the
locations of the change-points.
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