Discrete-time Markov chains

Consider a sequence of random variables 57, S5, Ss, . ..
with common state space & = {1,2,...,|8]|}.

This sequence forms a Markov chain if {S7,S5s,...,S;_1}
and {S;.1, S¢12, ...} are conditionally independent, given
S;, for all ¢.

Equivalently, Pr(S;|Si—1, Si—2,...) = Pr(S¢|St-1).

The matrix py; = Pr(Sip1 = 7|S¢ = @) (for fixed t) is
called the transition matrix (at step ¢). Note that p;;; > 0
and ijtij = 1.

Often we assume py;;; = p1;; = p;; for all ¢, in which case
the Markov chain is said to be homogeneous. Let P denote
the matrix (p;;).

Let's write down a few results for homogeneous Markov
chains; we won't be using these today, but may return to
them next week.

The two-step transition matrix is obtained by matrix mul-
tiplication:

pz(-f-) = Pr(Ss = j|S1=14) = > _ pirprj = (P);;
K



Markov chains (continued)

Of special interest is the limiting form, lim,,_,, P".

A distribution 7 (on 8) is a stationary (or equilibrium)
distribution of the chain if 7’ = 7'P.

For finite-state chains, such 7 always exist.

A few definitions:

) S 0} =1
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A chain is aperiodic if gcd{n > 1:p
for all 7 (e.g., pi; > 0 for all ).

A chain is irreducible if for every pair of states (i, j),

i) S 0,

there exists n;; > 0 such that Dy

A finite-state Markov chain is aperiodic and irreducible iff

there is some power n so that P" has all entries positive.

For aperiodic, irreducible Markov chains, the stationary
distribution, 7 is unique and lim, ,,, P" = (7'...7")"
All entries of 7 are necessarily positive.

References: Lange (ch 23), Feller vol 1 (ch 15)



Hidden Markov models

Consider an inhomogeneous Markov chain 57, S,,... 5,
with common state space 8§ = {1,2,...,|8]|}, initial dis-
tribution m; = Pr(S; = ¢) and transition probabilities
pg-) = Pr(Syy1 = j|S: = 7). [Note the change in nota-
tion!]

Suppose we don't observe the S;, but rather observe ran-
dom variables O; € O, with O; conditionally independent
of everything else, given S;, and q(t)(Ot) = Pr(O4|S; = 7).

Let O = (01,09, ... ,0,).
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This is a hidden Markov model (HMM).

Note that

n—1 n
PF(O, Sl = ’1;1, ce Sn = ’Ln> = T4, sz(-fi)tH H q,L(tt)(Ot>
t=1 t=1

Ref: Rabiner, Proceedings of the IEEE 77:257-286, 1989
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Example 1

Genetic mapping in experimental crosses

Consider a single F, offspring from an intercross between
inbred mouse strains, typed at a set of n markers (in known
order) along a chromosome.

Let r; denote the recombination fraction between mark-
erst and t + 1. Let S; € {AA, AB,BA, BB} de-
note the individual’'s phase-known genotype at marker .
Let O, € {A,H,B,C,D,—} denote its observed geno-
type at the marker, where C = {H or B} = not A,
D ={Aor H} = not B, and — = missing

Under the assumption of no crossover interference, the .S}
for an inhomogeneous Markov chain with transition matrix

(1 —7r)? (1 =) re(1 —1y) r?

P, = Tt(l — Tt) (1 — frt)2 'rf Tt(l — Tt)
ri(l—my) 17 (1—7)2 (1 — Tt)
Tt2 Tt(l - 7at) 7"t(l — Tt) 1 — 'r‘t)
The initial distribution is m = (% % i %)’

The O; form an HMM.



Example 1 (continued)

The matrix q(t)(Ot) is as follows:

1

O,
S, A H B C D —
AA 1 —€ Le le € 1—1c 1

2 2 2
AB %e 1—¢ %e 1—%61—%6 1
BA % 1 —e¢ %6 1—%61—%6 1
BB %e %e 1—61—%6 %e 1

where € is the genotyping error rate.

Major problems:
e Find the MLEs of the recombination fractions r;
r = arg max, Pr(O|r)

e Calculate the log likelihood I(7|O) = log Pr(O|r) for
different marker orders

e Reconstruct the underlying sequence {.S;}:
— Find S = arg maxg Pr(S|O, 7)
— Simulate from Pr(S|O, 1)



Example 2

Estimating pairwise relationships

Refs: Boehnke and Cox, AJHG 61:423-9, 1997;
Broman and Weber, AJHG 63:1563—-4, 1998.

Consider a pair of individuals genotyped at n linked mark-
ers in a known order, with known inter-marker distances,
and with known allele frequencies.

We assume no crossover interference and that the markers
are in linkage equilibrium, and we wish to calculate the
likelihood, given the observed genotype data, of the five
relationships MZ twins, full siblings, parent/offspring, half
siblings and unrelated.

Let S; € {0,1,2} denote the number of alleles shared
identical by descent (IBD) by the two individuals at marker
t. Let O; denote the genotypes of the two individuals at
marker .

Then (at least for these five relationships) the S; form a
Markov chain, and the O, follow an HMM.

Main problem: Calculate [(R) = log Pr(O|R) for each

of our five relationships R.



Example 3

A DNA sequence analysis example
Ref: Churchill, Bull Math Biol, 51:79-94, 1989.

Imagine that DNA is composed of GC-rich regions and
GC-poor regions.

Let S; € {R, P} indicate whether nucleotide ¢ is within a
GC-rich or GC-poor region, and imagine that the S; form
a homogeneous Markov chain with transition matrix

P:(l_pQ P2 )
p1 1—p

and initial (stationary) distribution 7’ = (p1 p2)/(p1+p2)-

Let O, € {A,C,G, T} be the observed nucleotide at site
t. Let the q(t)(Ot) matrix be something like the following:

?

Oy
Sy A C G T
R iqr 3(1—qr) (1 —qr) 3qr
P 3qr 51 —qp) 3(1—qp) 3qr

Problems: Estimate parameters; reconstruct {S;}.
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HMM technology

We wish to solve four problems:
e Calculate the likelihood Pr(O).
e Simulate from the joint distribution Pr(S|O).

e Find the most likely underlying sequence

AN

S = argmaxg Pr(S|0).

e Find the MLEs of the parameters 6 = [m—,pz(-;-), qft)(Ot)];
f = arg maxy Pr(S]0O, 6).



Baum-Welch algorithm

Forward equations

Define th( ) = Pr(Ol, ce ,Ot, St — 'l)

051(?:> = PI’(Ol,Sl — Z)
= g (01)



Baum-Welch algorithm (continued)

Backward equations
(an alternative, plus these are used later)

Define 5;(¢) = Pr(Oss1, ... ,On|St = 1).

]
—_

Bn(t)

Bi-1(1) = Pr(O, ..., 0nlSi—1 =1)
Z Pr(0t7 s 7On7 St — j|St—1 — 7’)

J
= Y Pr(Sy=j|Si—1 =) x Pr(O4] S = j)
J

X PI‘(Ot_H,..- ,On|St :])
= Zﬂt Ot pzj )

Note that Pr(O, S; = i) = ay(7) Bi(7).
Thus Pr(O) = > . au(t) By(2), for any t.
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Simulating from Pr(S|0)

Note that Pr(S; = i|O) =

Also,
Pr(O, S; =1, St+1 = 7)
PF(O, St = Z)

(%) pﬁ? C]]('Hl)(otﬂ) Bi1(J)
Oét(i) 515(@)

pg) q;'tﬂ) (Ot41) Brs1(J)
Bi(9)

Pr(Sit1 = 70,5 =1) =

So simulating from Pr(S|O) is easy, once we've calculated

the (’s!
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Viterbi algorithm

We wish to find S = arg maxg Pr(S|O).

The following is an example of a dynamic programming
algorithm.

NOte that Pr(Sl — 7;1, ... 7St+1 — Zt+1|0) —
Pr(S1 =11,... ;5 = ©|O) Pr(Sps1 = 1441|O, Sp = @)

(The calculation of Pr(Syy1 = i441|0, St = i) was shown
on the previous page.)

Define 51(21) = Pr(51 — 21|O) and
0(it) = max Pr(S; =1iy,..., 5 =1iO)

115.--,0¢—1

Note that
0¢(1) = max Ot 1(2t—1)Pr(S; = 4|0, S; 1 = 141)

Define

vi(i) = arg max Ot 1(%¢—1)Pr(Sy = 1|0, Si_1 = iy_1).
The algorithm:

1. Calculate 04(i;) and v (iz) fort =2,...  n.

2. Let S, = arg max; Op(iy).

3. Trace-back: let S;_; = %(St).
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Estimation

Given data on a set of N sequences {O;}, we can obtain
the MLEs of the parameters 6 = [m,pg),qgt)(Ot)] using
a form of the EM algorithm. At each iteration we get

something like the following.
7ATZ' — % Z Pr(Sl — Z|O)

) _ 2.Pr(S = 14,541 = j|0)

Py = TS PG, = i[O
Q(t)(o) _ > Pr(S; =4|0O) 1{0; = o}
’ > Pr(S; = i|O)

In the case of a homogeneous chain, we include sums over
t in the numerators and denominators above.

We may get by, in the homogeneous case, with data on a
single chain (N = 1), in which case we may assume that
7 is either known or is the stationary distribution corre-
sponding to the transition matrix (p;;) (or both).

The pg-) and qgt)(-) may be functions of some smaller num-
ber of parameters; the qZ(t)(-) may be densities. Things are
still (usually) straightforward and simple.
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A practical issue

If n (the length of the {S;} chain) is large, o, and 3y will
be susceptible to underflow.

Solutions:
Rabiner: Rescale the a's.
Churchill: Reformulate the problem.

Me: Calculate log a; and log 3; and use an addlog
type function (as discussed in the last lecture).
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