Extensions to EM

Y = (Yo, Ym) ~ f(y|6); we observe y, but not y,,.
Complete data log likelihood: I.(8|y) = log f(y|6)

Observed data log lik: 1(8|y,) = log [ f(Yo, Ym|0) dym

EM algorithm:
E step: 1((0) = E{L.(8]y) | o, 0}
M step: 0611 = argmaxg 1¢°)(6)
1(0©)]y,) is non-decreasing.

Note: If you can calculate [(§®)]y,), it is a good idea to
monitor it for debugging purposes.

Problems:
1. Standard errors
2. Maximizing () (0)

3. Slow convergence

Good book: MclLachlan and Krishnan (1997) The EM
algorithm and extensions. Wiley.
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SEM algorithm

Meng & Rubin (1991) JASA 96:899-909
EM defines a mapping, M: 86D = M[)].

—0%1(0y,
LBly) = 5 o)
— 0?10y

Le(8ly) = E{L,(8]y)|yo, 0}
V — {]0(é|y0)}_1
= I.{I+DM(I - DM)™"}

OM;(0) _ I — 6
08, 4 4,

]

(DM);; =




SEM algorithm (continued)

1. Run EM to get the MLE 6.
2. Pick a starting point, 9(0), some small distance from 6.

3. Repeat the following until convergence.
(a) Calculate 8¢) = M[A=1] using one step of EM.
(b) Foreachi=1,...,p,

. Let 00)(i) = (0y,... ,0;1,0) 0is1,... ,6y)
(Replace the ith element of @ with the ith ele-
ment of §().)

i. Perform one step of EM on 0()(¢), to obtain

MI9* ( )]
ii. Let 1Y) = {M;[0)(i)] — 0,}/{6% — 6:}

Notes:

1. The MLE 6 should be obtained at very low tolerance,
(for example, € = 107'2).

2. Allow the 7;; to converge at different rates. The ele-

(s)

ment 7;; is taken to be the first value of ;" satisfying
|7",§;) — T§;_1)| < €, where (for example) € = 1079, and
where the s at which we stop is allowed to depend on

(4,9)-



Example

Normal-Poisson model

ki; ~ Poisson()\;)

asz-j|kz-j ~ N(a + bki]‘, O'2>

(kij, xi;) mutually independent
iZl,... ,G;j:1,... 5 T4

Complete-data log likelihood:

lc<9|£l?, k) = — Zz nz)\z + Zz log )\z Zj ]ﬁl‘j
—(n/2)loga® — (1/2) >_(xij — a — bky)* /o

ol..
(9)\7, —TLZ—F;/C”/)\Z

Ol
5 > (@ij —a —bky)/o?

ij
ol,
% > kil —a — bky) [0’
ij
Ol
55 — /(20 )+ Z(%‘j — a — bkij)*/(20%)
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B 0?1,
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B 0?1,
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B 0°l.
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(002)>

Example (continued)
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Bayesian EM

Suppose we have prior 7(#) and wish to find the mode of
the log posterior = [(0) + log 7(6).

Q¥(6) = E{l.(0]y) + log 7(6) | yo, 0}
= E{1.(0]y) | yo, 0} + log 7(6)
= 1)(8) + log 7 (6)

E step: Calculate [®)(9) = E{l.(0]y) | y,0*)}
M step: Find 0¢+1) = arg maxy Q®)(6)

Note: log Pr(6)|y,) is non-decreasing.



Example

Consider (y1,y2, y3) ~ MN[n, ((1+20)/2, (1—6)/2,0/4)]

Complete data:

(y117 Y12, Y2, y3> ~ MN[??,, (1/27 9/47 (1 T 9)/27 6)/4)]’
where Y11 + Y12 = Y1.

1.(0) = (y12 + y3) log 0 + yo log(1 — )
wg) = E(y12)0©), 1) = 0©)y, /(%) 4 2)

6 = (w3 + ys) /(W' + o + us)

Consider a Beta(vy, 1) prior on 6:

[(1 + 1)

P(v)I' (1)

Q) = (') +ys+11—1)log 0+ (yo+1o—1) log(1—6)
(s)

w,, 1s as before

0" 10y — 1

7(0) =

06+ = () 4 ys + 1 — 1)/ (W) +yo+ys + 11+ 15— 2)



EM gradient algorithm

Generalized EM:
E step: [(¥)(8) as before

M step: Choose 01 such that 1(9)(4(s+1)) > 1(s)((s))
(don't necesssarily maximize {(*), just increase it.)

This retains the ascent property of EM.

EM gradient algorithm:
In the M step, do one step of Newton-Raphson:

Gt — () 1 o(950)

o LGN CICE)
B 5000’ 90

a(8) = 1; do step-halving to ensure [((AE+D)) > [(s)(g(s))




Example

Let x1,... ,2, ~ mdep gamma(fy, 1),

so f(z;) =z e~ /T(6;).
Let v1,...y, be defined by y; = x;/ > z;, with y; > 0;

Yoy = 1.

Then y ~ Dirichlet(6,, . . . ,6’ ) with density

f(ylo) =

Suppose we observe yi, . ..y, ~ iid Dirichlet(6), and wish
to obtain the MLE of 6 by the EM algorithm, with the
corresponding x's serving as the complete data.

Complete data likelihood:

[(0) = Zj(ej — 1) ;logzij —n Zj log I'(6;)

wi? = E(log ;| yij, 0”)

19(0) = 2,0, — 1) Ty wly) — n32; log T(6;)

1) 180, = 3", wi? —nip(8;), where (6) = I"(6)/T(6).

219 /062 = —ny'(0)



ECM algorithm

Meng & Rubin (1993) Biometrika 80:267-278

Replace the M step with a series of conditional maximiza-
tion (CM) steps.

A

0() = current iterate
E step: as before — (¥)(9)

CM steps: fort =1,. ,T
o(s+t/T) = arg maxel 6)
such that ¢,(9) = g,(0s+(t=1/T)

Important special case:
Partition 6 into T bits: 6 = (61,... ,07).
Let gt((g) = (gt.

— maximize w.r.t the bits of 8, one at a time.

Multicycle ECM: Perform additional E steps

ECME algorithm: Replace some CM steps with a full M
step
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Example

Complete data:
Y1, - .- ,Yn ~ iid gamma(a, ), with density

ya_le_y//g
peT(a)

fWla, B) =

Y, = censoring of the complete data.

le(o, Bly) = (o= 1) 3 logyi — > wi/ B
—n{alog B +logT'(a) }

A

Given o, B =g/
Given 3, & = ¢_1(§ — log B),

where ¥(a) = T"(«a)/T'(a) and g = > " logy;/n
E step: A

w®) = E(gly,, @(s)’§(3)>

) = E(gly,, &), 5®))

CM steps:
Bls+1) = w®) /&)
A1) — ¢—1[7_(s) — log B(S-l—l)]
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Accelerated EM

Aitken’s acceleration method
[Louis (1982) JRSSB 44:226-233]

Suppose 9) — § as s — oo
Then 6 = 0 + 3732 [0+ — gls+h=D)

Now
é(s—i—h) . é(s—i—h—l) — M A(S—i—h—l)] . M[é(8+h_2)]
1)

~ J( (s+h—2)) [é(s+h— . é(s+h—2)]
~ J(é(s)) [é(5+h_1) é($+h_2)]
Thus
0 ~ ) & Z{J(Q(S))}h[6(5+1) )]
h=0

= 00 4 {I — J(OEHI LY — g1o))

The algorithm:
1. From 8() produce 8*1) using EM

2. Estimate J(0)) by J (see below)
3. Compute é,(fﬂ) — 95 ¢ (I — j)—l (é(SH) _ é(S))
4. Use éisﬂ) in step 1.
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Producing J

From Louis (1982), we have (I — J)! = I
where I. is the complete data information matrix and I, is
the observed data information matrix.

Also from Louis (1982), we have

I, ~ E{9%./(0000")} — E{(Dl./90)(Dl./00)"}
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