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CC genome
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Recombination fraction
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Simulation results

recombination fraction
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When a heterozygous population is self-fertilized or inbred the ultimate 
result (apart from effects of mutation) is complete homozygosis. The final 
proportions of the various genotypes are usually independent o f  the system 
of inbreeding adopted, although, as JENNINGS (1916) and others have 
shown, the speed at  which equilibrium is approached is greater in the case 
o f  self-fertilization than of brother-sister mating, and so on. 

I f  however the population be heterozygous for linked genes, the final 
proportions depend on the system of mating, for crossing over can only oc- 
cur in double heterozygotes, and the proportion of double heterozygotes 
falls off a t  a different rate in different mating systems. JENNINGS (1917) 
stated that he “would find it a relief if someone else would deal thoroughly 
with the laborious problem of the effects of inbreeding on two pairs of 
linked factors.” This is the object of the present paper. ROBBINS (1918) 
solved the problem in the case o f  self-fertilization. 

In what follows we employ a direct method to obtain the final propor- 
tions of the population. The rate of approach can be calculated, but this 
is a very laborious process, and always involves the irrational roots of 
quadratic, sometimes those of quartic or higher equations. In  each case we 
shall suppose that the number of dominant and recessive genes of each 
type in the population is equal throughout the progress of the inbreeding. 
This enormously simplifies the mathematics. Thus a system of 55 equa- 

MENDEL MEMORIAL FUND. 

GENETICS 16: 357 J1 1931 

* Part of the cost of the mathematical composition in this article is paid by the GALTON AND 
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Result for selfing

17



Result for sib-mating
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Result for sib-mating
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Simulation results
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R = a r / ( 1 + b r ) ?
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Non-linear regression

out <- nls( R ~ a*r/(1 + b*r),
data = data.frame(r=r, R=R),
start = list(a=4, b=6))

summary(out)
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Non-linear regression

out <- nls( R ~ a*r/(1 + b*r),
data = data.frame(r=r, R=R),
start = list(a=4, b=6))

summary(out)

Estimate Std. Error
a 7.016 0.011
b 6.023 0.016
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Non-linear regression

out <- nls( R ~ a*r/(1 + b*r),
data = data.frame(r=r, R=R),
start = list(a=4, b=6))

summary(out)

More data
Estimate Std. Error Estimate Std. Error

a 7.016 0.011 a 7.003 0.008
b 6.023 0.016 b 6.005 0.012
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Simulation results
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Markov chain

▶ Sequence of random variables {X0,X1,X2, . . . } satisfying
Pr(Xn+1 | X0,X1, . . . ,Xn) = Pr(Xn+1 | Xn)

▶ Transition probabilities Pij = Pr(Xn+1 = j | Xn = i)
▶ Here, Xn = “parental type” at generation n.
▶ We are interested in absorption probabilities

πj = Pr(Xn → j | X0)
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Absorption probabilities

Consider the case of absorption into the state A
A

∣∣∣∣ A
A

(write this AA|AA)

Let hi = probability, starting at i, of being absorbed into AA|AA.

Then hAA|AA = 1 and hAB|AB = 0.

Condition on the first step: hi =
∑

k Pikhk

For selfing, this gives a system of 3 linear equations.
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Equations for selfing
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Equations for sib-mating
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Result for sib-mating
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3-point coincidence

1 32
▶ rij = recombination fraction for interval (i, j)

Assume r12 = r23 = r.
▶ Coincidence = c = Pr(double recombinant)/r2

= Pr(rec’n in 23 | rec’n in 12)/Pr(rec’n in 23)
▶ No interference = 1

Positive interference < 1
Negative interference > 1

▶ Generally c is a function of r
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Coincidence
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Coincidence in 8-way RILs

▶ The trick that allowed us to get the coincidence for 2-way RILs doesn’t
work for 8-way RILs.

▶ It’s sufficient to consider 4-way RILs.
▶ Calculations for 3 points in 4-way RILs is still astoundingly complex.

– 2 points in 2-way RILs by sib mating:
55 parental types → 22 states by symmetry

– 3 points in 4-way RILs by sib mating:
2,164,240 parental types → 137,488 states by symmetry

▶ Even counting the states was difficult.
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The formula

C =
(1 + 6r)[280 + 1208r − 848r2 + 5c(7 − 28r − 368r2 + 344r3)− 2c2(49 − 324r + 452r2)r2 − 16c3(1 − 2r)r4]

49(1 + 12r − 12cr2)[5 + 10r − 4(2 + c)r2 + 8cr3]
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3-point symmetry
Pr(M2 = x | M1 = A,M2 ̸= A,M3 = A)
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Markov property
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Markov property
log2

{
Pr(M3=A | M2=B,M1=x)

Pr(M3=A | M2=B)

}

0.0 0.1 0.2 0.3 0.4 0.5

−4

−3

−2

−1

0

1

2

lo
g 2

 p
ro

ba
bi

lit
y 

ra
tio

recombination fraction

x =  A
x =  B
x =  C
x =  E

34



Markov property
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Markov property
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Whole genome simulations

▶ 2-way selfing, 2-way sib-mating, 8-way sib-mating
▶ Mouse-like genome, 1665 cM
▶ Strong positive crossover interference
▶ Inbreed to complex fixation
▶ 10,000 simulation replicates
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No. generations to fixation

0 10 20 30 40 50 60

No. generations

2−way selfing
2−way sib−mating
8−way sib−matingmean = 10.5

mean = 35.6
mean = 38.9

38



No. generations to 99% fixation
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Percent genome not fixed
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No. breakpoints
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Segment lengths
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Segment lengths
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Probability a segment is inherited intact
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Length of smallest segment
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No. segments < 1 cM
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Collaborative Cross
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The PreCC

What happens at G2Fk?

Pr(g1 = i) as a function of k

Pr(g1 = i,g2 = j) as a function of k and the recombination fraction
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Crazy table
Table 4 Two-locus haplotype probabilities at generation Fk in the formation of four-way RIL by sibling mating

Chr. Individual Prototype No. states Probability of each

A Random AA 4
1

4ð116rÞ2
�
6r227r23rs
4ð116rÞs

��
122r1s

4

�k

1

�
6r227r13rs
4ð116rÞs

��
122r2s

4

�k

AB 4
r

2ð116rÞ1
�
10r22r2rs
4ð116rÞs

��
122r1s

4

�k

2

�
10r22r1rs
4ð116rÞs

��
122r2s

4

�k

AC 8
r

2ð116rÞ2
�
2r213r1rs
4ð116rÞs

��
122r1s

4

�k

1

�
2r213r2rs
4ð116rÞs

��
122r2s

4

�k

X Female AA 2
1

3ð114rÞ1
1

6ð11rÞ
�
2
1
2

�k

2

�
4r32ð4r213rÞt13r225r

4ð4r215r11Þt
��

12r1t
4

�k

1

�
4r31ð4r213rÞt13r225r

4ð4r215r11Þt
��

12r2t
4

�k

AB 2
2r

3ð114rÞ1
r

3ð11rÞ
�
2
1
2

�k

1

�
2r316r22ð2r21rÞt
2ð4r215r11Þt

��
12r1t

4

�k

2

�
2r316r21ð2r21rÞt
2ð4r215r11Þt

��
12r2t

4

�k

AC 4
2r

3ð114rÞ2
r

6ð11rÞ
�
2
1
2

�k

2

�
9r215r1rt

4ð4r215r11Þt
��

12r1t
4

�k

1

�
9r215r2rt

4ð4r215r11Þt
��

12r2t
4

�k

CC 1
1

3ð114rÞ2
1

3ð11rÞ
�
2
1
2

�k

1

�
9r215r1rt

2ð4r215r11Þt
��

12r1t
4

�k

2

�
9r215r2rt

2ð4r215r11Þt
��

12r2t
4

�k

X Male AA 2
1

3ð114rÞ2
1

3ð11rÞ
�
2
1
2

�k

1

�
r32ð8r31r223rÞt210r215r
2ð4r4235r3229r2115r15Þ

��
12r1t

4

�k

1

�
r31ð8r31r223rÞt210r215r
2ð4r4235r3229r2115r15Þ

��
12r2t

4

�k

AB 2
2r

3ð114rÞ2
2r

3ð11rÞ
�
2
1
2

�k

1

�
r41ð5r32rÞt210r315r2

4r4235r3229r2115r15

��
12r1t

4

�k

1

�
r42ð5r32rÞt210r315r2

4r4235r3229r2115r15

��
12r2t

4

�k

AC 4
2r

3ð114rÞ1
r

3ð11rÞ
�
2
1
2

�k

2

�
2r41ð2r32r21rÞt219r315r
2ð4r4235r3229r2115r15Þ

��
12r1t

4

�k

2

�
2r42ð2r32r21rÞt219r315r
2ð4r4235r3229r2115r15Þ

��
12r2t

4

�k

CC 1
1

3ð114rÞ1
2

3ð11rÞ
�
2
1
2

�k

1

�
2r41ð2r32r21rÞt219r315r
4r4235r3229r2115r15

��
12r1t

4

�k

1

�
2r42ð2r32r21rÞt219r315r
4r4235r3229r2115r15

��
12r2t

4

�k

s 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r2212r15

p
and t 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2210r15

p
; the autosomal haplotype probabilities are valid for r , 1

2.

Pre-C
C
G
enotype

Probabilities
409
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Lesson

Computer simulations are hugely valuable.
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Uses of simulations

▶ Study probabilities
▶ Estimate power/sample size
▶ Evaluate performance of a method
▶ Evaluate sensitivity/robustness of a method
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Relative advantages?

▶ Simulations
▶ Numerical calculations
▶ Analytic calculations
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